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Abstract 

A Banach space operator T e B{X) is polaroid if points A G \soaa{T) are poles 
of the resolvent of T. Let (Ta{T), a^iT), <Jaw{T), <Jsf+{T) and crsF^iT) denote, 
respectively, the approximate point, the Weyl, the Weyl essential approximate, the 
upper semi-Fredholm and lower semi-Fredholm spectrum of T. For A, B and 

f A C \ 

C e B{X), let Mc denote the operator matrix I . If A is polaroid on 



7ro(^c) {A e isocr(Afc) : < dim(Afc - A)"^(0) < oo}, A/q satisfies Weyl's 
theorem, and A and B satisfy either of the hypotheses (i) A has SVEP at points 
A G cru,(Mo) \ (JsF+{A) and B has SVEP at points /i G cru,(Mo) \ crsF^{B), or, (ii) 
both A and A* have SVEP at points A G <TwiMo)\asF+iA), or, (iii) A* has SVEP 
at points A G (JwiMo)\asF+ (A) and B* has SVEP at points /i G cr„,(Mo)\cr5F_ (B), 
then (t{Mc) \ aw{Mc) — tto{Mc)- Here the hypothesis that A G tto{AIc) are poles 
of the resolvent of A can not be replaced by the hypothesis A G tto{A) are poles of 
the resolvent of A. 

For an operator T G B{X), let t:^{T) = {A : A G isoaa(T),0 < dim(r - 
A)-i(O) < oo}. We prove that if A* and B* have SVEP, A is polaroid on TToiMc) 
and B is polaroid on n§{B) , then (Tq(Mc) \ (Taw{Mc) = n^iMc). 

Introduction 



A Banach space operator A, A B{X), is upper semi-Fredholm (resp., lower semi- 
Predholm) at a complex number A G C if the range {A — X)X is closed and a{A — A) = 
dim(^ - A)-^(O) < oo (resp., P{A - A) = dim(;f/(^ - A);f) < oo). Let A € <^+{A) 
(resp., A G ^-{A)) denote that A is upper semi-Fredholm (resp., lower semi-Fredholm) 
at A. The operator A is Fredholm at A, denoted A € <l>(yl), if A G ^+{A) n ^-(A). A 
is Browder (resp., Weyl) at A if A G ^{A) and asc(^ — A) = dsc(yl — A) < oo (resp., if 
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A € ^{A) and ind(^ - A) = 0). Here 'md{A - A) = a{A - A) - P{A - A) denotes the 
Predholm index of ^— A, asc(A— A) denotes the ascent of A—\ (= the least non-negative 
integer n such that (^-A)-"(0) = (^- A)-("+^)(0)) and dsc(^-A) denotes the descent 
of A — X (= the least non-negative integer n such that (^4 — = (^4 — A)""*"^^). Let 
ct{A) denote the spectrum, cra{A) the approximate point spectrum, isoa{A) the set of 
isolated points of a{A), noiA) = {A G isoc7(yl) : < a{A - A) < oo}, 7ro(A) = {A G 
isocra(A) : < a{A — A) < oo}, and po{A) the set of finite rank poles (of the resolvent) 
of A. The Browder spectrum ab{A) of A is the set {A G C : ^ — A is not Browder}, the 
Wcyl spectrum of A is the set {A G C : ^ — A is not Weyl}, the Browder essential 

approximate spectrum aab{A) of A is the set {A G C : A ^ ^-^-{A) or asc(^ — X) ^ oo}, 
and the Weyl essential approximate spectrum aaw{A) of A is the set {A G C : A ^ ^+{A) 
or ind(^ — A) ^ 0}. Following current terminology, the operator A satisfies: Browder 's 
theorem, or Bt, if crw{A) = ab{A) (equivalently, a{A)\aw{A) = po{A)); Weyl's theorem, 
or Wt, if o-{A) \ a^{A) = 7ro(A); a-Browder's theorem, or a — Bt, if aaw{A) = aab{A); 
a- Weyl's theorem, or a — Wt, if aa{A) \ aaw{A) = vro(A). 

An operator A G B{X) has the single-valued extension property at Aq G C, SVEP 
at Aq, if for every open disc centered at Aq the only analytic function / : Vx^ — > X 
which satisfies 

{A - A)/(A) = for all A G 

is the function / = 0. Trivially, every operator A has SVEP on the resolvent set p{A) = 
C\a{A); also A has SVEP at points A G \soa{A). Let denote the set of A G C 

where A does not have SVEP: we say that A has SVEP ifE{A) = 0. SVEP plays an 
important role in determining the relationship between the Browder and Weyl spectra, 
and the Browder and Weyl theorems. Thus abiA) = a^iA) UE{A) = (Tyj{A) UE{A*), 
and if A* has SVEP then abiA) = a^iA) = aab{A) [1, pp 141-142]; A satisfies Bt (resp., 
a — Bt) if and only if A has SVEP at A ^ cr^(^) (resp., A ^ aawiA)) [5, Lemma 2.18]; 
and if A* has SVEP, then A satisfies Wt implies A satisfies a-Wt[l, Theorem 3.108]. 



For A, B and C G B{X), let Mq denote the upper triangular operator matrix 
f A C \ 

Mc =1 Q B ] ' ^ study of the spectrum, the Browder and Weyl spectra, and the 

Browder and Weyl theorems for the operator Mc, and the related diagonal operator 
Mq = A(BB, has been carried by a number of authors in the recent past (see [2, 3, 4, 8] 
for further references). Thus, if either H(A*) = or H(i?) = 0, then a{Mc) = ^(Mo) = 
a{A) U aiB); if H(A) U E{B) = 0, then Mc has SVEP, ab{Mc) = a^(Mc) = ab(Mo) = 
(7^(Mo), and Mc satisfies a — Bt. Browder's theorem, much less Weyl's theorem, 
does not transfer from individual operators to direct sums: for example, the forward 
unilateral shift and the backward unilateral shift on a Hilbert space satisfy Bt, but 
their direct sum does not. However, if (H(A) nH(i?*)) UE(A*) = 0, then : Mq satisfies 
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Bt (resp., a — Bt) implies Mc satisfies Bt (resp., a — Bt); if points A G isocr(^) are 
eigenvalues of A, A satisfies Wt, then Mq satisfies Wt implies Mc satisfies Wt [4, 
Proposition 4.1 and Theorem 4.2]. Our aim in this paper is to fine tune some of the 

extant results to prove that: ab{Mo) = ab{Mc)U{E{A*)nE{B)}; (Tab{Mc) C aabiM^) C 
cT„fe(Mc)UH;(A)UH+(5); and a^(^)Uc7,^,(5) C ct^(Mc)U{H)P)UH(Q)}, whcre,exccpt 
ioT P = A and Q = B* , P = A oi A* a.nd Q = B or B\ = {A : A ^ ^+(^) or 

A* does not have SVEP at A} and = {A : A ^ ^+{B) or B does not have SVEP 

at A}. Let (Jsf+{A) (resp., (tsF-{A)) denote the upper semi-Fredholm spectrum (resp., 
lower semi-Fredholm spectrum) of A. It is proved that if points A G tto{Mc) arc poles 
of A, Mq satisfies Wt, and A and B satisfy either of the hypotheses (i) A has SVEP 
at points A G (T^(Mo) \ a-sF+{A) and B has SVEP at points // G c7^(Mo) \ asF-iB) or 
both ^ and A* have SVEP at points A G o-^(Mo) \ asF+iA) or A* has SVEP at points 
A G (T^(Mo) \ asF+{A) and S* has SVEP at points fi G cj^(Mo) \ (75f_(5), then Mc 
satisfies Wt. Here the hypothesis that points A G 7ro(Mc) are poles of A is essential. 
We prove also that if E(A*) U E(B*) = 0, points A G 7ro(Mc) are poles of A and points 
G 7ro(S) are poles of B, then Mc satisfies a — Wt. 

Throughout the following, the operators A, B and C shall be as in the operator 
matrix Mc; we shall write T G B{y) for a general Banach space operator. 

2 Browder, Weyl Spectra and SVEP 

We start by recalling some results which will be used in the sequel without further 

reference. 

For an operator T G B{y) such that A G ^±{T), the following statements are 
equivalent [1, Theorems 3.16 and 3.17]: 

(a) T (resp., T*) has SVEP at A; 

(b) asc(T — A) < oo (resp., dsc(T — A) < oo). 

Furthermore, if A G ^±{T), and both T and T* have SVEP at A, then asc(r — A) = 
dsc(T — A) < oo, A G iso(j(T) and A is a pole of (the resolvent of) T [1, Corollary 3.21]. 
For an operator T G B{y) such that A G $(T) with ind(r-A) = 0, T or T* has SVEP at 
A if and only if asc(r— A) = dsc(T— A) < oo. Evidently, asc(Mc) < oo =^ asc(^) < oo. 
It is not difficult to verify, [4, Lemma 2.1], that dsc(i?) = oo =^ dsc(Mc) = oo. In 
general, 

ct(Mc) C a{A) U (j{B) = (j{Mo) = a{Mc) U {E{A*) U E{B)}; 
(TbiMc) C abiA) U abiB) = ^^(Mo); 

and 

f^UMc) C a^{Mo) C a^{A) U a^B). 
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If A ^ (7aw{Mc), then A € ^+{A), and either a{B-X) < oo and ind(^-A)+ind(S-A) < 
0, or f3{A - A) = a{B - A) = oo and {B - X)X is closed, or f3{A - A) = oo and (5 - \)X 
is not closed [3, Theorem 4.6]. Since 



A G $(Mc) implies that A G <&+(A) fl <l>-(-B). Using this it is seen that if A ^ ^^(Mc), 
then A G $+(A)n$_(B), ind(yl- A)+ind(5- A) = 0, asc(A-A) < oo and dsc(5-A) < 
oo. If in addition A ^ U E{Q), where (except for P = ^ and Q = B*) P = A on 
A* and Q = B oi B*, then it is seen (argue as in the proof of Proposition 2.1 below) 
that ind(^ - A) = ind(S - A) = 0. Thus A ^ ab{Mo), which implies that 



where, except for P = ^ and Q = P*, P = ^ or ^* and Q = B oi B*. The following 
proposition gives more. 

Proposition 2.1 ab{Mo) = aj,{Mc) U {^{A*) n H(P)}. 

Proof. If A ^ o-fe(Mo), then A G $(^) n ^>(P), asc{A - A) = dsc(A - A) < oo and 
asc(P - A) = dsc(P - A) < oo. Since Asc{A - X) => \ ^ 'E{A*) and asc(P - A) ^ A ^ 
H(P), A i S(A*)nS(P). Hence, since cJb(Mc) C cJb(Mo), A ^ ab(Mc)U{H(A*)nH(P)}. 
Conversely, if A ^ (76(Mc) U {B{A*) n 2(5)}, then A G $+(A) n $-(P), asc(^ - A < oo 
ind(yl-A) < 0), dsc(P-A) < oo ind(P-A) > 0) and ind(^-A)+ind(P-A) = 
0. If A* has SVEP, then ind(^ - A) > 0; hence ind(yl - A) = 0, which imphes that 
ind(P — A) = 0. But then both A — X and B — X have finite (hence, equal) ascent and 
descent. Thus A ^ (Tb(Mo). Arguing similarly in the case in which A ^ H(P) (this time 
using the fact that A G $-(P), dsc(P - A) < oo and A ^ S(P) imply ind(P — A) = 0), 
it is seen (once again) that A ^ (T;,(Mo). □ 



then ash{T) = (labiT*), ab{T) = aab{T) U asb{T) and ^^(r) = aab(T) U E{T*) = 
asb{T) U E{T) [1, p 141]. Evidently, aab{Mo) U {E{A*) U S(P*)} = ab{Mo). Let E+{T) 




<Tb{Mo) C ab{Mc) U {S(P) U S(Q)}, 



If we let 



asb{T) = {A G C : either A ^ #_(T) or dsc(r - A) = oo}, 



and (T) denote the sets of A such that 



A ^ S+(r) ^ A G $+(r) and T has SVEP at A 



and 



A ^ s;(r) ^ A G $+(r) and T* has SVEP at A. 
Proposition 2.2 a„6(Mc) C c7„b(Mo) C aab{Mc) U {S;(^) U H+(P)}. 
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Proof. The inclusion aabiMc) C aabiMg) being evident, we prove (Tafe(Mo) C aab{Mc)U 
E*_^{A). Let A ^ aabiMc) U E*_^{A). Then A G $+(^), asc(^ - A) < oo, and A* has 
SVEP at A. Hence ind(A - A) = and A G ^(A) A ^ aabiA)), which imphes that 
A G and ind(S-A) < 0(since asc(Mc-A) < oo ^ ind(A- A)+ind(5- A) < 0). 

But then the hypothesis A ^ E+{B) imphes that A ^ o^abiB) =^ A ^ (Ja(,(Mo). □ 

The following corollary is immediate from Proposition 2.2. 

Corollary 2.3 IfEl{A) U E+{B) = $, then aab{Mo) = aab{Mc). 

It is easy to see (from the definitions of CFb{T) and UwiT)) that 

ab{T) = a^{T) U E{T) = a^T) U E{T*). 

Hence 

ab{Mo) = {a^{A) U U {E{P) U 

where P = ^ or ^* and Q = B oi B*. 

Proposition 2.4 a,,,{A)Uaw{B) C cri„(Mc)U{S(P)UE;(Q)}, where P = AandQ = B 
orP = A* and Q = B* . 

Proof. The proof in both the cases is similar: we consider P = A and Q = B. If 

A ^ cr^(Mc), then A G $+(^) H ^>-(P) and ind(y4 - A) + ind(S - A) = 0. Thus, since 
A ^ E{A)UE{B) implies ind(A-A) < and ind(P-A) < 0, ind(^-A) = ind(5-A) = 
and A G ^(A) D ^{B). Hence A ^ (Tui{A) U cr^(-B). □ 

Proposition 2.4 implies that if E(P) U E(Q) = 0, P and Q as above, then (T^(Mo) = 
<Ti„(Mc) = a-^(^) U ayj{B). More is true. Since A ^ cr^(Mc) U {E{P) U S(Q)} implies 
A G ^{A) n $(P) and ind(yl - A) = ind(S - A) = 0, asc(yl - A) = dsc(^ - A) < oo and 
asc(P - A) = dsc(P - A) < oo. Hence ab{Mc) C (t^(Mc) U {E{P) U E{Q)}. 

Corollary 2.5 // E(P) U E{Q) = 0, P anc? Q as in Proposition 2.4, then abiMo) = 
ayj{Mo) = ab{Mc) = a^{Mc) = a^{A) U a^{B). 

Proof a^{Mc) C ab{Mc) C ab{Mo). □ 

The following theorem gives a necessary and sufficient condition for cr^(Mo) = ab{Mo) 
and aawiMo) = aabiMo). 

Theorem 2.6 (i) cr,u,(Mo) = crb{Mo) if and only if A and B have SVEP on {A : A G 
^A) n $(P), ind{A - A) + ind{B - A) = 0}. 

r^^j o-a^(Afo) = aab{Mo) if and only if A and B have SVEP on {X : X £ ^+{A) n 
$+(P), ind{A - A) + ind{B - A) < 0}. 
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Proof, (i) If aUMo) = ^^(Mo), then a^{Mo) = a^{A)Llay,{B) = ab{A)Uab{B). Hence 
A G ^{A) n with md{A - A) = md{B - A) = if and only if A G $(^) n 

asc(^ — X) = dsc{A — A) < oo and asc{B — A) = dsc{B — X) < oo. Evidently, A and B 
have SVEP at points {A : A G ^{A) n ^>(B), ind(A - A) + ind(5 - A) = 0}. Conversely, 
if A ^ o-^(Mo), then A G ^{A) (1 ^{B) and ind(^ - A) + md{B - A) = 0. Since A and 
B have SVEP at A, ind(yl - A) and ind(5 - A) are both < 0. Hence md{A - A) = 
'md{B — A) = 0, which (because of SVEP) implies that asc(^ — A) = dsc(74 — A) < oo 
and asc(S - A) = dsc{B - A) < oo. Thus A ^ ab{A) U ab{B) =^ ab{Mo) C cr^(Mo). 
Since ay,{Mo) C ab{Mo) always, (T^(Mo) = crb{Mo). 

(ii) Since c7„^(Mo) C aa-U^) U aa-jB) C (r^bl^) U c7„fe(S) = c7„b(Mo), aa^«(Mo) = 
(^ab{Mo) implies that aaw{Mo) = aab{A) U aab{B). Equivalently, 

{A : A G n ^+{B),md{A - A) + ind(5 - A) < 0} 

= {A : A G ^+{A) n asc(y4 - A) < oo, asc(S - A) < oo}. 

Hence A and B have SVEP on {A : A G n ind(A - A) + ind(5 - A) < 0}. 

Conversely, if A ^ cra^(Mo), then A G n $+(-B) and ind(A - A) + ind(S - A) < 0. 

Since A and B have SVEP at A, both asc{A — A) and asc(ii? — A) are finite. Hence 
A ^ (TabiA) U aab{B), which implies that A ^ (Tab(Mo) ^> aabiMo) C (Tatt,(Mo). Since 
a"a^(Mo) C (jab(Mo) always, the proof is complete. □ 

3 Browder, Weyl Theorems 

Translating Theorem 2.6 to the terminology of Browder's theorem, Bt, and a-Browder's 
theorem, a — Bt, we see that a necessary and sufficient condition for Mq to satisfy Bt 
is that A and B have SVEP at points X ^ (T^(Mo), and that a necessary and sufficient 
condition for Mq to satisfy a — Bt is that A and B have SVEP at points X ^ (Ta^(Mo). 
The following theorem relates Bt (resp., a — Bt) for Mq to Bt (resp., a — Bt) for Mc- 
Let crsF+{T) (resp., asF^iT)) denote the upper semi-Predholm spectrum (resp., the 
lower semi-Fredholm spectrum) of T. 

Theorem 3.1 (a). If either (i) A has SVEP at points A G cr^(Mo) \ asF+{A) and B 
has SVEP at points fi G (t.u,(Mo) Xcsf- (B), or (ii) both A and A* have SVEP at points 
A G (T^(Mo) \ asF+{A), or (Hi) A* has SVEP at points X G o-«,(Mo) \ asF+iA) and B* 
has SVEP at points fi G (T^(Mo) \ asF-{B), then Mq satisfies Bt implies Mq satisfies 
Bt. 

(h) If either (i) A has SVEP at points A G CFawiMo) \ (tsf+{A) and A* has SVEP 
at points fi G (T^(Mo) \ asF+{A), or (ii) A* has SVEP at points X G (Jw{Mq) \asF+iA) 
and B* has SVEP at points ji G (T^(Mo) \ asF+{B), then Mq satisfies a — Bt implies 
Mc satisfies a — Bt. 
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Proof, (a) Recall that Mq satisfies Bt if and only if Mq satisfies Bt, and that (7^(Mo ) = 
ayj{Mo). Hence A, B, A* and B* have SVEP at points A ^ ayj{Mo). In view of 
this, hypotheses (i), (ii) and (iii) imply respectively that either (i)' A has SVEP at 
A G $+(v4) and B has SVEP at /i G ^-{B), or (ii)' A and A* have SVEP at A € ^+{A), 
or (iii)' ^* has SVEP at A € ^+(A) and 5* has SVEP at fi e $_(5). Evidently, 
ayj{Mc) C c7fe(Mc): we prove that ab{Mc) C cr^(Mc). For this, let A ^ cr^(Mc;). 
Then A G $+(A) n $-(-B) and ind(^ - A) + ind(S - A) = 0. Since both ind(^ - A) and 
ind(S - A) are < if (i)' holds, ind(^ - A) = if (ii)' holds, and both ind(yl - A) and 
ind(-B — A) are > if (iii)' holds, we conclude that ind(^ — A) = ind(i? — A) = 0, A G 
^{A)ri^{B). Furthermore, since A and B have SVEP at A, asc(yl-A) = dsc(A-A) < oo 
and asc{B - A) = dsc{B - A) < oo. Hence A ^ ab{A) U ab^B) =^ A ^ cJb(Mc). 

(b) Since a — Bt implies Bt, Mq satisfies Bt, which implies that A* has SVEP at 
A ^ cj^(Mo). Hence the hypothesis A* has SVEP at A G o-w{Mo)\asF+iA) implies that 
A* has SVEP at A G $+(^). Since the hypothesis Mq satisfies a — Bt implies that A 
and B have SVEP on {A : A G ^+{A) n (B), md{A - A) + ind(5 - A) < 0}, it follows 
from the SVEP hypotheses of the statement that either (i)' both A and A* have SVEP 
at A G ^+{A) or (ii)' A* has SVEP at A G $+(^) and B* has SVEP at /i G <J>+(-B). 
Evidently, (TawiMc) C aab{Mc)- For the reverse inclusion, let A ^ <7a^(Mc). Then 
A G ^+{A). If (i)' is satisfied, then A and A* have SVEP at A =^ ind(yl - A) = 0, 
which (because A G ^+{A)) implies that A G ^{A) and ind(A — A) = 0; if (ii)' holds, 
then A" has SVEP at A imphcs ind(v4 - A) > ^ A G $(A) with md{A - A) > 0. 
In either case it follows that A G <5+(i3) and ind(^ — A) + ind(i3 — A) < 0. Hence 
A G ^{A) n <^{B), md{A - A) = and md{B - A) < 0. Since both A and B have 
SVEP on {A : A G $+(A) n $+(B), ind(A - A) + ind(S - A) < 0}, asc(^ - A) < oo and 
asc(5 - A) < oo. Thus A ^ aab{Mo) =^ A ^ aabiMc). □ 

Remark 3.2 We note, for future reference, that if Mq satisfies Bt and either of the 

hypotheses (i) to (iii) of Theorem 3.1(a) is satisfied, then ayj{MQ) = ayj{Mc). Further- 
more, a(Mc) = o"(Mo), as the following argument shows. If Mq satisfies Bt, and one of 
the hypotheses (i), (ii) and (iii) is satisfied, then either A* has SVEP at X & ^+(^) or 
B has SVEP at /j, e $_(S). Since A ^ a{Mc) implies A — X is left invertible and B — X 
is right invertible. A* has SVEP at X E ^-^-{A) if and only if A ~ X is onto and B has 
SVEP at X £ ^-(B) if and only if B ^ X is injective [1, Corollary 2.4]- In either case, 
both A — X and B — X are invertible, which implies that X ^ (t(Mo) =^ (t(Mo) C a{Mc). 
Since a{Mc) C a{Mo), the equality of the spectra follows. 

Corollary 3.3 (a) [4, Proposition 4. 1] If {E{A)nE{B*)}UE(A*) = 0, then Mq satisfies 
Bt (resp., a — Bt) implies Mq satisfies Bt (resp., a — Bt). 

(b) [2, Theorem 3.2] If either (Jaw{A) = asF+{B) or asF^{A) n (Tsf_^_{B) = 0, then 
Mq satisfies Bt (resp., a — Bt) implies Mc satisfies Bt (resp., a — Bt). 
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Proof. Observe that if {E{A)nE{B*)}UE{A*) = 0, then either A and A* have SVEP or 
A* and B* have SVEP. Hence the proof for (a) follows from Theorem 3.1(b). Assume 
now that aaw{A) = asF+iB). If A ^ aawi^c), then A G ^+{A) and either a{B — 

A) < oo and ind(^ - A) + md{B - A) < 0, or P{A - A) = a{B - A) = oo and 
{B — X)X is closed, or (3{A — A) = oo and (B — X)X is not closed. Observe that 
if a{B - A) = f3{A - A) = oo or /3{A - A) = oo, then the hypothesis A G $+(^) 
with ind(^ — A) < <;=^ A G ^+{B) => a{B — A) < oo - a contradiction. Hence 
A G <^+{A)n^+{B) andind(A-A) + ind(5-A) < 0. Again, if asF^{A)nasF+{B) = 0, 
then U <^+{B) = C. If A ^ aaUMc), then A G <^+{A) ^ A G ^>(^), which 

(see above) implies that A G $+(A) n $+(-B) and ind(^ - A) + md{B - A) < 0. 
Hence if either of the hypotheses aawi^) = (^SF+iB) and ^^^.(A) n asF+{B) = 
holds, then aaw{Mc) = aaw{Mo). A similar argument, this time using the fact that 
A ^ a^{Mc) ^ A ^ cTaUMc) = c^aw{Mo), shows that a^{Mc) = a^(Mo). (See [2, 
Corollary 2.2 and Theorem 3.2] for a slightly different argument.) Thus if Mq satisfies 
Bt (resp., a - Bt), then Mc has SVEP at A ^ <t«,(Mc) (resp., A ^ aaw{Mc)), which 
implies that Mc satisfies Bt (resp., a — Bt). □ 

Remark 3.4 IfE(A*)UE(B*) = 0, then has SVEP: this follows from a straightfor- 
ward application of the definition of SVEP (applied to {Mq — A7*)(/i(A) © /2(A)) = 0). 
Hence a{Mo) = a{Mc) = (Ja{Mc), (Jaw{Mc) = a^{Mc) = (t^(Mo) and po{Mc) = 
Pq{Mc). Evidently, both Mq and Mq satisfy a — Bt. 

We call an operator T G B{y) polaroid [7] (resp., isoloid) at A G isocr(T) if asc(T — A) = 
dsc(T — A) < 00 (resp., A is an eigenvalue of T). Trivially, T polaroid at A implies T 
isoloid at A. Since 

7ro(Mo) = {7ro(A) n p{B)} U {piA) n 7ro(B)} U {7ro(^) n MB}, 

if Mq is polaroid at A G 7ro(Mo), then either A or i? is polaroid at A; in particular, A 
and B are polaroid at A G 7ro{A) n 7ro(-B). Conversely, if A is polaroid at A G 7ro{A) 
and B is polaroid at /Lt G tto{B), then Mq is polaroid at u E 7ro(Mo). We say that T is 
a-polaroid if T is polaroid at A G isoaa{T). 

Proposition 3.5 (i) Mq satisfies Wt if and only if Mq has SVEP at X ^ (t^(Mo) and 

Mq is polaroid at p, E ttq{Mq). 

(a) Mq satisfies a — Wt if and only if Mq has SVEP at X ^ <^aw{MQ) and Mq is 
polaroid at p G ttqIMq). 

Proof, (i) is proved in [6, Theorem 2.2(i) and (ii)]. To prove (ii) we start by observing 
that if Mo has SVEP at A ^ (Ta^(Mo), then (Mq satisfies a-Bt ^) c7a(Mo)\c7a^(Mo) = 
Po(M)) Q 7ro(Mo), which if points in 7ro(Mo) are poles implies that 7ro(Mo) C Pq{Mq). 
Conversely, Mq satisfies a — Wt implies Mq satisfies a — Bt, which in turn implies 
that Mq has SVEP at A ^ c7a^(Mo). Again, since Mq (satisfies a — Bt and) a — Wt, 
<(Mo) =pS(Mo). □ 
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A similar argument proves the following: 

Proposition 3.6 (i) Mq satisfies Wt if and only if Mc has SVEP at X ^ a^iMc) 
and Mc is polaroid at jj, €: 7ro(Mc). 

(ii) Mc satisfies a — Wt if and only if Mc has SVEP at X ^ <^aw{Mc) and Mc is 
polaroid at fj, G 7rQ(Mc). 

The following theorem gives a necessary and sufficient condition for Mc to satisfy Wt 
in the case in which either of the hypotheses (i), (ii) and (iii) of Theorem 3.1 is satisfied. 

Theorem 3.7 // either of the SVEP hypotheses (i), (ii) and (iii) of Theorem 3.1(a) 
is satisfied, then Mc satisfies Wt for every C G B{X) if and only if Mq satisfies Wt 
and A is polaroid at X E 7ro(Mc). 

Proof. Sufficiency. If Mq satisfies Wt (hence, Bt) and either of the hypotheses (i) , (ii) 
and (iii) of Theorem 3.1 is satisfied, then A satisfies Bt, a{Mc) = cr(Mo), (T^(Mc) = 
aw{Mo) and Mc satisfies Bt (see Remark 3.2 and Theorem 3.1(a)). Hence 

a{Mc) \ ay,{Mc) = (t(Mo) \ (t^(Mo) = Po{Mq) = 7ro(Mo) C 7ro(Mc), 

where the final inclusion follows from the fact that a{Mc) \ a^iMc) = po{Mc) C 
7ro(Mc). Hence to prove sufficiency, we have to prove the reverse inclusion. Let A G 
TTo{Mc). Then A G isoo-(Mo). Start by observing that (Mc - A)"^(0) / ^ (Mq - 
A)-i(O) / 0; also, dim(Mc - X)-'^(0) < oo ^ dim(^ - X)-'^(0) < oo. We claim that 
dim(5 — A)~^(0) < oo. For suppose to the contrary that dim(5 — A)~^(0) is infinite. 
Since 

{Mc - X){x ®y) = {{A - X)x + Cy} ® {B - X)y, 

either dim{C{B - X)-\0)) < oo or dim(C(B- A)-i(O)) = oo. If dim(C(5-A)-i(0)) < 
oo, then (B — A)~^(0) contains an orthonormal sequence {yj} such that {Mc — A)(0 © 
yj) = for all j = 1, 2, .... But then dim(Mc — A)^^(O) = oo, a contradiction. Assume 
now that dim{C{B - A)~^(0)) = oo. Since A G p{A) U isocr(yl), A satisfies Bt, A is 
polaroid at A G 7ro(Mc) and a{A-X) < oo, /3{A-X) < oo. Hence dim{C(5- A)~^(0)n 
{A — X)X} = oo implies the existence of a sequence {xj} such that {A — X)xj = Cyj 
for all j = 1,2,... . But then {Mc - X){xj © -yj) = for all j = 1,2,... . Thus 
dim(Mc — A)~^(0) = oo, again a contradiction. Our claim having been proved, we 
conclude that A G 7ro(Mo). Thus 7ro(Mc) C 7ro(Mo). 

Necessity. Evidently, Mc satisfies Wt for all C implies Mq satisfies Wt. Hence 
Po{Mc) = ttq{Mc) = Po{Mq) = ttq{Mq), which implies that Mq is polaroid at points 
A G TTo{Mc). Since no{Mc) = Pq{Mq), and since A G Po{Mq) implies A G Pq{A) U p{A), 
A is polaroid at A G 7ro(Mc). □ 

Remark 3.8 An examination of the proof of the sufficiency part of the theorem above 
shows that if either of the SVEP hypotheses (i), (ii) and (iii) of Theorem 3.1(a) is 
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satisfied and Mq satisfies Wt, then either of the hypotheses that A is polaroid or A is 
isoloid and satisfies Wt is sufficient for Mc to satisfy Wt. 

Corollary 3.9 (a) [4, Theorem 4.2] If {E{A) n E{B*)) U E{A*) = (l>, A is polaroid at 
A G 7ro(Mc) (or A is isoloid and satisfies Wt) and Mq satisfies Wt, then Mc satisfies 
Wt. 

(b) [2, Theorem 3.3]Ifaaw{A) = asF+{B) or asF-{A)nasF+{B) A is polaroid 
at X & ttq (Mc) (or a is isoloid and satisfies Wt ) and Mq satisfies Wt, then Mc satisfies 
Wt. 

Proof, (a) Theorem 3.7, and Remark 3.8, apply. 

(b) Recall, 3.3(b), that Mc satisfies Bt ^=> a{Mc) \ (JwiMc) = Po{Mc). Hence 
a{Mc) \ (T^(Mc) C 7ro(Mc). For the reverse inequality, start by recalling from the 
proof of Corollary 3.3(b) that cr^(Mc) = aw{MQ). If Aq £ 'Kq{Mc), then there exists 
an e— neighbourhood A/'e of Aq such that Mc — A is invcrtiblc (implies ^ — A is left 
invertible and B — X is right invertiblc), hence Weyl, for all A G Af^ not equal to Aq. 
Thus Mq — a is Weyl for all X € Me not equal to Aq. Since Mq satisfies Bt, Mq — A is 
Browder for all X e Me not equal to Ao, which implies that both ^ — A and B — X are 
invertible. Hence A G iso(7(Mo). Now argue as in the sufficiency part of the proof of 
Theorem 3.7. □ 

The following examples, [8] and [4], show that Mc in theorem above may fail to 
satisfy Wt if one assumes only that A is isoloid but not polaroid at A G 7ro(Mc), or 

only that A is polaroid at A G 7ro(A). 

Example 3.10 Let A, B and C e B{£^) be the operators 

A{xi,X2,X3,:.) = (0,Xl,0,^X2, 0,^X3,...), 
B{xi,X2,X3,...) = (0,X2,0,X4,0, ...), 

and 

C{xi,X2,X3, ...) = (0, 0, 2:2, 0, X3, ...). 

Then A,A* , B and B* have SVEP, a{A) = ayj{A) = {0}, 7ro(A) = pq{A) = $, and A 

satisfies WeyVs theorem. Since (t{Mq) = auj{MQ) = {0, 1} and 7ro(Afo) = po{Mq) = %, 
Mq satisfies Wt. However, since a{Mc) = cryj{Mc) = {0, 1} and 7ro(Mc) = {0}, Mc 
does not satisfy Wt. Observe that A is not polaroid on ttqIMc). 
Again, let A, B and C E B{i'^) be the operators 



A{xi,X2,Xs, ...) 
B{xi,X2,X3, ...) 



= (0,0,0,-X2,0,-.X3,...), 
= (0,X2,0,X4,0, ...), 
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and 

C{xi, X2, X3, ...) = {Xl,0, X2,0, X3, ...). 

Then A, B (and C) have SVEP, a{A) = a^{A) = ■kq{A) = {0}, and a{B) = Uyj{B) = 
{0,l},7ro(5) =pq{B) = 0. Since 

a{Mo) = (7^(Mo) = {0} and 7ro(Mo) = po{Mo) = 0, 

Mq satisfies Wt. However, since 

a{Mc) = a^{Mc) = {0, 1} and MMc) = {0}, 

Mc does not satisfy Wt. Observe that ^ Poi^)j ^ satisfies Bt, hut does not satisfy 
Wt. 

More can be said in the case in which UH(B*) = 0. Recall from Remark 3.4 that 

if E;(^*) U 2(5*) = 0, then has SVEP and Mc satisfies a - Bt. 

Theorem 3.11 If 'E{A*) U = $, A is polaroid at X e 7rg(Mc) (or, A is isoloid 

and satisfies Wt) and B is polaroid at fj, G ^^{B), then Mq satisfies a — Wt. 

Proof Since A* and B* have SVEP, both Mq* and have SVEP. Hence Mc (also, Mq) 

satisfies Bt, which implies that a{Mc) \ (T«,(Mc) = pq{Mc) ^ ttq{Mc)- Apparently, 
a(Mo) = a{Mc) = (Ja{Mc), (Jw{Mq) = a^{Mc) = aarn{Mc), MMq) = vrS(Mc) and 
isoc7(Mc) = iso(7(Mo). Following (part of) the argument of the proof of the sufficiency 
part of Theorem 3.7, it follows that if A G TVoiMc), then A G 7ro(A) n 7ro(i5). By 
assumption, both A and B are polaroid at A. Hence Mq is polaroid at A, which implies 
that A G po{Mq). Since Mq satisfies Bt, A ^ (7w{Mq) = cr,u,(Mc), which in view of 
the fact that Mc satisfies Bt implies that A G po{Mc). Hence a{Mc) \ (T^(Mc) = 
7ro(Mc) =^ (Ta{Mc) \ (JawiMc) = <(Mc), i.e., Mc satisfies a-Wt. □ 

Theorem 3.11 holds for polaroid operators A and B: for the polaroid hypothesis implies 
that Mq is polaroid, hence satisfies Wt, which by Theorem 3.7 implies that Mc satisfies 
Wt. If the operators A and B have SVEP, then Mq and Mc have SVEP, a(Mo) = 
(t{Mc) = cr{M^) = aa{M^), \soa{M^) = isocr(M^) = \soaa{M^), MMc) = <(Mc) 
and a^{MQ) = a^{Mc) = (Tw{M^) = aaw{M^). Evidently, A*, B* , M^ and satisfy 
Bt; in particular, Pq{M^) = pq{M^) C ttq{M^). 

Corollary 3.12 If the polaroid operators A and B have SVEP, then Mc satisfies Wt 
and Mq satisfies a — Wt. 

Proof. Apparently, Mc satisfies Wt. Since the polaroid hypothesis on A and B implies 
that A* and B* are polaroid, an argument similar to that in the theorem above applied 

to M5 implies that if A G 7ro(M^), then A G t^q{B*) n 7ro(yl*) ^ A G Pq{B*) n 
Pq{A*) ^ a ^ cfw{Mq) = (Tw{M^) =^ M5 satisfies Wt. Hence satisfies a - 
Wt. □ 
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